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1. INTRODUCTION 
Suppose F is a nonempty formation of finite groups. F is called a saturated 
formation if a (finite) group G is in Y whenever its Frattini factor group 
G/@(G) ~9. S is called a local formation if there exist, to any prime p, 
formations *F(p) such that GE F if and only if G induces an S(p)-group 
of automorphisms on a chief factor M whenever 1 M 1 is divisible by p. We 
clearly have then S(p) = @ if and only if 9 does not contain a group whose 
order is divisible by p; F(p) f o implies that 9 contains all finite p-groups. 
By a theorem of Gaschiitz any local formation is saturated. Conversely, 
by a result of Lubeseder any saturated formation of soluble groups can be 
locally defined (cf. Huppert [6, Theorems VI.7.5 and 7.251). The object of 
this paper is to show that the restriction to soluble groups is unnecessary here. 
THEOREM. Every saturated formation of finite groups is a local formation. 
The proof of this theorem is based on some results concerning modular 
representations. The crucial point is to show that for a group G in a saturated 
formation 9 whose order is divisible by a prime p, all extensions of G/O,,.(G) 
by (over) p-groups are again in S (see Corollary 3.2). 
We mention that recently Baer has also given a generalization of Lubeseder’s 
theorem (unpublished). However, he deals with a more general concept of 
local formation and his results are thus different. 
Fart of this work was done while the author enjoyed the hospitality of the 
Mathematics Institute of the University of Warwick. The author is indebted 
to R. Baer, K. Doerk, and T. Hawkes for helpful discussions. 
2. PRELIMINARY RESULTS 
We state some basic results which are needed in the course of the proof 
of the theorem. All groups and modules considered are finite. If p is a fixed 
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prime, we denote by k = IF, the field with p elements. For an irreducible 
(right) KG-module V, P, is the (principal) indecomposable projective kG- 
module with V in the head, i.e., Py/PvJ s V where J = @o(kG) is the Jacobson 
radical of KG. 
We begin by recalling a result of Gaschiitz on Frattini extensions. Denote 
by A the uniquely determined (up to isomorphism) kG-module which occurs 
as the kernel of a projective cover P ++ P, J (k is regarded as a trivial module). 
RESULT 2.1 (Gaschiitz [3]). There exists a group extension A z=+ 8 ++ G 
of G by A with A C Q(E); any other extension E of G by a KG-module M C @P(E) 
is an epimorphic image of I? (over G). If p divides 1 G 1, A is nontrivial (and 
indecomposable). 
For a proof we refer also to Gruenberg [5] (cf. in particular Theorems 10, 
p. 272, and 1, p. 252). Observe that the maximal Frattini p-extension of G 
may be constructed from any free presentation R >+ F -++ G (with F of finite 
rank) by putting e = F/B where W is chosen such that i?/R’Rp is a maximal 
projective direct summand of the KG-module R/R’Rp. 
The following is a slight improvement of a theorem by Brauer; a very lucid 
proof is provided by combining [7, Theorem 21, and [8, Proposition I]. 
RESULT 2.2. O,,(G) is the centralizer (kernel) of any indecomposable 
projective KG-module P belonging to the principal block. 
In other words, P is, in the natural way, a faithful kemodule where G = 
G/O,(G). Clearly O,(G) centralizes the principal p-block (ideal) and O,,,(G) 
centralizes every irreducible kG-module belonging to this block. 
RESULT 2.3 (Steinberg [9]). If M is a faithful kG-module, then every 
irreducible kG-module occurs as a composition factor of some tensor power 
M(Q = M @ -.lr @ M of M. 
For a proof see also [6, Satz VI.7.191. 
3. EXTENSIONS OF GROUPS IN SATURATED FORMATIONS 
The main step in proving the theorem is done by showing that saturated 
formations are closed with respect to some kind of extensions. 
PROPOSITION 3.1. Suppose 9 is a saturated formation containing a group G 
whose order is divisible by a Jixed prime p. If M is a KG-module centralized by 
O,,(G), then every extension of G by M is contained in 9. 
Proof. Consider the Frattini extension A >+ ,!? -++ G as described in 2.1. 
Note in particular that A # 0 and that, by definition, A belongs to the principal 
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p-block. Since GE F and 9 is saturated, i? is in F. Let P = P, be the 
projective cover of some composition factor I’ of A. By Hilfssatz VI.7.21 in 
Huppert [6], the semidirect product I’ . G of G by (over) V is in B. It is im- 
mediate that the G-Frattini group PJ C @(P . G) and so P . G E 9 as well. 
By Result 2.2 P is a faithful G-module where G = G/O,(G). Obviously 
the semidirect product P . G is an epimorphic image of P . G and hence in 9. 
As in the proof of Hilfssatz VI.7.23 in [6] we may deduce that the split extension 
of G by any tensor power P@) 1s in 3. Application of Result 2.3 gives thus 
V . G E 9 for any irreducible kG-module V. By considering MIMJ and using 
that 9 is residually closed and saturated, it follows at once M . GE 9 for any 
kc-module M. 
Now suppose M is a KG-module centralized by O,(G). Then M is, in the 
natural way, a kemodule and so M . GE 9. Consequently there are two 
normal subgroups in M. G with factor groups in g (namely, isomorphic 
to G and M * G), and with trivial intersection. Hence M . GE g’. Finally, 
if M >+ E --f+ G is any extension of G by M, then E/M n Q(E) is an epi- 
morphic image of M * G. It follows E E $, as desired. 
COROLLARY 3.2. Assume there is a group in 9 whose order is divisible by p. 
Then, for any G E g, 9 contains all extensions of G/O,,,(G) by p-groups. In 
particular, all p-groups are in .F. 
Proof. Choose first a group X E 9 such that p divides 1 X 1. By Proposition 
3.1 then X x ME 9 for any trivial kX-module M. This implies that 9 
contains all p-groups, and we may assume that G is not a p’-group. Let G = 
G/O,,,(G) and H >--+ E ++ G be a group extension with H a p-group. From 
Proposition 3.1 it follows E/@(H) E 9. Since @p(H) C Q(E), this gives E E 9. 
Remark. Proposition 3.1 applies for KG-modules belonging to the principal 
p-block (Result 2.2). This special situation has been already discussed in 
[l, Proposition 21. When G is p-soluble, one knows that an irreducible kG- 
module is in the principal block if (and only if) it is centralized by O,,,(G) 
(cf. [2]). However, this is false in general. We actually require the strong state- 
ment in 3.1 (and 3.2) in order to handle the nonsoluble case. 
Observe further that an Abelian p-chief factor M of G always belongs to 
the principal p-block [2]; if G is p-soluble, then M is even a composition factor 
of the principal indecomposable module P, [4]. Proposition 3.1 leads us to 
the following characterization of local (saturated) formations. 
COROLLARY 3.3. Assume F is locally de$ned by &F(p)}. Then G E g if 
and only if G induces an S(p)-group of automorphisms on any irreducible module 
in the principal p-block (resp. on any composition factor of PI, , k = lF,) whenever 
p divides j G j. 
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Proof, If G E 9 and F(p) # B, then E = M . G E 9 for any irreducible 
module M in the principal block, by 2.2 and 3.2. Thus 
W,(M) s E/C&W E F’(P). 
Conversely, if G induces an P( p)-group of automorphisms on each composition 
factor of P, , then G/O,,,(G) E .F(l(p) b ecause of 2.2. Now apply Hilfssatz 
V1.7.4 in [6]. 
To illustrate Corollary 3.3: A group G is p-supersoluble if and only if all 
irreducible kG-modules in the principal block (resp. occurring as composition 
factors of Pk) are of dimension 1. One may even replace Pk by P,J/PkJ2, by the 
results in [l]. 
4. PROOF OF THE THEOREM 
The arguments are quite similar to those used in the soluble case (cf. [6, 
Sect. VI.71). Let 9 be a saturated formation. Set *(p’(p) = o if 5F does not 
contain a group whose order is divisible by the prime p, and define 9(p) 
otherwise as the class of all groups G such that G/O,(G) g X/O,,,(X) for 
some X E 9. Note that 9(p) C F because of Corollary 3.2. 
We have to check first that F(p) is a formation. It is easily verified that 
P(p) is residually closed; in fact, the proof in [6, Hilfssatz VI.7.241 applies 
here apparently. It suffices therefore to show that if H P+ E +-f G is a group 
extension with E E S(p), th en also G E 9(p). Since O,(E) is mapped into 
O,(G), there exists a group X E F such that c = G/O,(G) is an epimorphic 
image of X/O,,,(X). It follows from Corollary 3.2 that M. GE 9 for any 
KG-module M. 
Since O,(c) = 1, there exists a faithful (and completely reducible) kG- 
module M. In choosing this module M we have O,,,(M . G) = 111. Hence 
Y = M . G is a group in 9 such that Y/O,,,(Y) z G, as required. 
Denote by F* the formation which is locally defined by the set {P(p)> 
of formations. Application of 3.3 and 2.2 shows F CF*. Conversely, if 
G E %* then 
G/O,,(G) E F(p) C 9 
for any prime divisor p of / G 1 (Corollary 3.2). This clearly yields GE 9, 
completing the proof of the theorem. 
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